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Abstract

Lambda calculus and combinatory logic are both theories of functions—things that
compute or do. They are formal systems in which we can program and perform
logical reasoning. Superficially, they are a bit different—the main difference being that
lambda calculus uses variable binding, whereas combinatory logic does not. Upon
further investigation, they are pretty well—-though not perfectly—aligned. We will
concentrate on the untyped lambda calculus. Although variable binding can be fiddly,
lambda calculus has a rather simple and intuitive syntax, which belies its power—both
as a model of computation and as an idea. As well as its syntax and connection to
combinatory logic, we will study the semantics of the lambda calculus via combinatory
algebras. Lambda calculus (perhaps typed) is the heart of many modern functional
programming languages and proof assistants.
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CHAPTER 1

A History Most Brief

The idea of combinators came about in the 1920s due to Schonfinkel, who had the
intention of reformulating predicate logic without the need for variable binding [ ]
Later that decade, Curry rediscovered the idea whilst analyzing substitution. Fun fact:
apparently, the idea of Currying also goes back to Schonfinkel; the name stuck despite
Curry attributing the idea to Schonfinkel.

Lambda calculus came about later—in the 1930s—thanks to Church [ ]. Why
‘A’? In a letter, Church wrote that it was a modification of X to Ax to Ax, where the
first of these is used by Russel and Whitehead in Principia Mathematica to denote class
abstraction. Later in life, he is supposed to have said that A was chosen essentially at
random. For a history less brief, see [ ; ].



CHAPTER 2

Syntax of Lambda Calculus

2.1 Terms

The set A of A-terms is given by the following grammar.
tbuz=xeV | (tu) | (Ax.t)

We may define functions out of A by recursion and prove things about all terms by
induction. For both of these, there is one case for each of the clauses above.
We adopt the following conventions:

« We drop parentheses with the understanding that application binds tighter than
abstraction and application associates to the left. For example, Ax.tuv is shorthand

for (Ax.((tu)v)).

+ Nested abstractions can be brought under a single A. For example, Axy.t is
shorthand for Ax.Ay.t.

2.2 Variable binding

The variable x in the term Ax.t is bound by A. Chances are you’ve come across bound
variables before.

n

1
Z i / x% dx Vy.P(y)
0

i=0

In the summation on the left, the variable i is bound; in the integral in the middle, the
variable x is bound; in the logical formula on the right, the variable y is bound.

The free variables of a A-term t are those variables occurring in ¢ that are not bound
by a A. Formally, the set FV(t) of free variables of a term t is defined by recursion on t.

« FV(x) = {x}
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« FV(tu) = FV(t) UFV(u)
o« FV(Ax.t) = FV(¢t) — {x}

The final clause dictates that A binds any occurrences of x in t. A closed term is a term
t for which FV(t) = 0. Note that a variable may occur both free and bound in the same
term, for example, x in t := x(Ax.x). x € FV(t) because it occurs free in t (as well as
occurring bound).

Bound variables are dummy variables in the sense that they can be renamed without
changing the content of an expression. For example, the following two summations are

the same.
n

n
PILED
i=0 j=0

In A-calculus, we call two terms a-equivalent when they differ only in their bound
variables. For example, the following two terms are a-equivalent.

Ax.xz Ay.yz

We consider a-equivalent terms to be syntactically identical, which is denoted using =.
We reserve = for object-level equality, which is weaker.
Moreover, we adopt the ‘Barendregt’s variable convention’:

In a given mathematical context, we may assume that all bound variables
are distinct from each other and from any free variables.

This is possible because terms are finite strings, yet we have a countably infinite supply
of variables.

2.3 Substitution

We may substitute a term for a free occurrences of a variable in another term. The result
t[u/x] of substituting the term u for free occurrences of x in t is defined recursively as
follows.

e x[u/x]:=u
« ylu/x] := y (where y # x)
o (ttp)[u/x] := (1 [u/x])(t2[u/x])
o (y.t)[u/x] = Ay.(¢[u/x])
Note that, in the final clause, we do not have to stipulate that y # x or y ¢ FV(u) due
to Barendregt’s variable convention.

Exercise 2.1. Show by induction on s that t; [t /x][ts/y] = t1[t3/y][t2[t3/y] /x].

2.4 Lambda theories

Here we introduce equational theories of A-calculus, or A-theories. These are particular
sets of equations between A-terms. Such object-level equations are denoted using =
(formally, equations are pairs of A-terms).
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th =1 th =1 tr =13
REFL SYM TRANS
t=t t, =1 t =15
=1 Ui =u =1
=APP S —
u = bhuy )Lx.tl = ).X.tz

(Ax.t)u = t{u/x] g

Figure 2.1: The rules for A-theories

Definition 2.2. A A-theory is a set of equations between A-terms that is closed under
the rules given in Figure 2.1. For a A-theory T, write T + t =t when t =t’ € T. The
unique smallest A-theory is called Af.

Technically, each rule in Figure 2.1 specifies a family of pairs, whose first component
is a set of equations (the premises), and whose second component is an equation
(the conclusion). There may be ‘side conditions’ on rules (written above the line in
parentheses), which cut down the family from what it would otherwise be.

The first row of rules ensure that = is an equivalence relation. The second row of
rules says that = respects application and abstraction.

Finally, we have the f-rule. This gives life to A-calculus. It tells us that abstraction
forms functions, application is function application, and the action of a function on its
argument is given by substitution. However, there is no formal distinction between
functions and data that we feed to functions. For example, we may apply a function to
itself! This oddity contributes to the power of the lambda calculus.

Exercise 2.3. Show that Af + Apq.(Axy.y)pq = Aab.a by drawing a proof tree.
Closed A-terms are sometimes called ‘combinators’.

Theorem 2.4 (First recursion theorem). Every A-term has a fixed point. That is, for
every A-term f there is a A-term u such that Af + u = fu.

Proof. Consider ‘Curry’s paradoxical combinator’: y := Af.(Ax.f(xx))(Ax.f (xx)).
We have Af + yf = f(yf) (exercise). This means that yf is a fixed point of f. [

Exercise 2.5. Verify that A+ yf = f(yf).

We can add rules to those in Figure 2.1 to generate A-theories. Equations can be
considered as rules with no premises. For example, we have the n-equation:

Ax.tx =t (x ¢ FV(1)) ()
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This makes every term a function. Moreover, we have the following extensionality rule.

tx = thx (x ¢ FV(t;) UFV(ty))
tl = tz

EXT

This equates two terms that produce the same result when applied to an arbitrary
argument.

Exercise 2.6. (i) Show that Af + 1 = Af + {Axy.xy = Ax.x}.
(i) Show that Af + 1 = Af + EXT.

2.5 List of exercises

1. Exercise 2.1 on nested substitutions

2. Exercise 2.3 on proofs in Af

3. Exercise 2.5 on Curry’s paradoxical combinator yielding fixed points
4

. Exercise 2.6 on equivalence of A-theories



CHAPTER 3

Reduction

Computation is dynamic; it is a process. In this chapter, we will give dynamics to
the lambda calculus by orienting the f-equation. Ultimately, this allows us to deduce
consistency of the equational theory Af.

3.1 Reduction relations

Given a binary relation R on A, we define another binary relation — on A—the ‘(one-
step) R-reduction’ relation—inductively.

(tb t2) € R
—— R
t1 =R b2
ty =R b2 U; —R U

—— APP-LEFT ——— APP-RIGHT
hiu —pg tbhu tu; —pg tuy

ty =R b2

ABS

Ax.ty =g Ax.ty
While —p, is one step of R reduction, we can also consider many steps of R-reduction
and R-equality:
« The reflexive transitive closure of —p is denoted by —. This is obtained by

adding a reflexivity rule and a transitivity rule to those above.

+ The reflexive symmetric transitive closure of —p is denoted =g. This is obtained
by adding reflexivity, symmetry and transitivity rules.

3.1.1 Properties of reduction relations

The following notions make sense for any binary relation on a set. However, we are in-
terested in these properties in the context of reduction relations — on A. All properties
are parametrized by R, though this is sometimes left implicit if R is understood.
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A term t € Ais in (or is an) R-normal form when there is no t’ € A for which
I —gpt.

Aterm t € A has an R-normal form (or is weakly R-normalizable) when there is a
normal form t" € A such that t —»g t’.

« Aterm t € A is strongly R-normalizable when every sequence of reductions ends
in an R-normal form.

« —p is weakly normalizing when every term has an R-normal form.
« —p is strongly normalizing when every term is strongly R-normalizable.

« —p has the diamond property when r —g s; and r —pg s, implies s; —g t and
sy —pg t for some t.

« —pg is Church-Rosser when — has the diamond property.

Exercise 3.1. Suppose —p is Church-Rosser. If ¢t € A has an R-normal form, then it
is unique.

Proposition 3.2. If —g has the diamond property, then so does —p.
Proof. By ‘diagram chase’. O

Exercise 3.3. Suppose — g is Church-Rosser. Show that t; =y ¢, if and only if there
is some t3 such that t; —g t3 and t, —g ts. Hint: this is also a diagram chase.

Hence, if two terms are normalizable, then we can check equality by comparing
normal forms.

3.2 Betareduction

The relation we are most interested in is f-reduction, that is:

R = {((Ax.t)u, t[u/x])}

The following is intuitively clear, but carrying out a formal proof should help solidify
understanding.

Exercise 3.4. Show that =4 is Ap.

So we can study the equational theory Af via the reduction relation — .

Consider the combinator Q := (Ax.xx)(Ax.xx). Then there is only one possible -
reduction. Thatis: Q —4 Q. From this we conclude that the lambda calculus is not even
weakly normalizing. However, as we show in the next section, — g is Church-Rosser.
Hence, f-normal forms are unique.

Exercise 3.5. Consider Turing’s fixed-point combinator: 0 =
(Axy.y(xxy))(Axy.y(xxy)). Show that f(6f) —»z Of. Show that not neces-
sarily f(yf) —p yf.



3.3. CHURCH-ROSSER 8

3.3 Church-Rosser

Note that —4 does not have the diamond property: consider (Ax.xx)((Ay.y)t).

Theorem 3.6 (Church-Rosser [ 1). —p is Church-Rosser.

The path to proving this result, which we tread in the remainder of this section, is
due to Martin-Lof and Tait:

1. Define a notion — | of ‘parallel reduction’;

2. Show that —» is the reflexive transitive closure of —;
3. Show that — || has the diamond property;

4. Conclude that — 4 is Church-Rosser.

The relation —|| of parallel reduction is inductively defined by the following rules.

REFL
t | t
t = b2 Uy = Uz t1 = L2
APP ABS
tiuy =) e Ax.H ad Ax.by
5] | ty Up = Uz

(Ax.t)uy =) t2[uz/x] 1

Exercise 3.7. Show that —5 C —| C — ;.
Proposition 3.8. The reflexive transitive closure of —|| is —g.

Proof. From Exercise 3.7 and the fact that taking the reflexive transitive closure of a
relation is monotone with respect to C, we have —»5 C —| C — 5. O]

Proposition 3.9. Ift — t' andu — | v/, then t[u/x] — t'[u’/x].

Proof. By induction on the derivation of t — t'.

Case: REFL. As t’ = t, our goal reduces to showing t[u/x] — t[u’/x]. We do a
further induction on the structure of ¢.

Subcase: vAR. We have two cases: t = x and t = y for some variable y # x.
The first case amounts to showing u —| v/, which holds by assumption.
The second case amounts to showing y —| y, which holds by REFL.

Subcase: t = t1t;. This amounts to showing t[u/x]t:[u/x] -]
t1[u’/x]ty[u’/x], which holds by the induction hypothesis.

Subcase: t = Ay.s. Amounts to showing Ay.(s[u/x]) —| Ay.(s[u"/x]), which
holds by induction hypothesis.

Case: app. Exercise.



CHAPTER 3. REDUCTION

Case: ABs. Exercise.

Case: ||f. We have to show that ((Ay.t1)uq)[u/x] — (t2[uz/y]) [u’/x], assum-
ing t; =) t; and u; —| up. The induction hypothesis is t; [u/x] — t2[u’/x]
and u; [u/x] — uz[u’/x]. We calculate:

((Ay.t)ur) [u/x] = ((Ay.t1) [u/x]) (u1[u/x])

=t [x] [uz[u'/x]/y] (by IH and || )
= (t2[u2/y]) [ /x] (by Exercise 2.1)
O

Exercise 3.10. Fill in the App and ABs cases from the proof of Proposition
Lemma 3.11. —| has the diamond property.
Proof. We show that r —¢ s; and r —g s; implies s; —g t and s, —g t for some ¢

by induction on the derivation of r —p s;. We just give two cases.

Case: REFL. As sy =r, taket = s,.

Case: arp. There are two cases.

Subcase 1. The last rules in the derivations of r —g s; and r —g s, are
respectively:

P = P1 q = 71 P = P2 q = 92
APP A
Pq || P1q1 Pq = P292

PP

Then by the induction hypothesis, we get 1, t; such that p; — t1, po —
t1, q1 — t2 and g2 — | to. Take t = tit,. Then p1q; — t and paqe — | t
by the APP rule, as required.

Subcase 2. The last rules in the derivations of r —y s; and r —p s, are
respectively:

Ax.p = Ax.pr g @ op pP=ypPe 4
(Ax.p)q = (Ax.p1)q1 (Ax.p)q = p2[qz/x]

1A

Then we must have p —; pi1. So by the induction hypothesis, we get 1, £
such that p; —|| t1, p2 = t1, 1 = t2 and g2 —|| t,. Take t = t1[t2/x].
Then s; = (Ax.p)q —) t by the [|f rule, and s, = p2[q2/x] — t by
Proposition 3.9. [

Exercise 3.12. Complete the remaining cases in the proof of Lemma

This completes the proof of Theorem 3.6, that — 4 is Church-Rosser.
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3.4 Consistency

We turn our focus back to A-theories. What does it mean for a A-theory to be consistent
or inconsistent? We don’t have any (native) connectives like — (negation) and A (and).
Well, we should be able to deduce interesting consequences from a consistent theory.
That is, consistent theories should be informative. Turning this around, an inconcsistent
theory should be completely uninformative. This idea is formalized in the following
definition.

Definition 3.13. A A-theory T is inconsistent when for all £, e A, T+t =t'. A

A-theory T is consistent when it is not inconsistent, i.e. there exist terms ¢, ¢’ such
that TFt =1t

In the next chapter, we will encode Booleans (true and false) as A-terms. Another
reasonable definition of inconsistency is that a theory equates true and false. We will
see that this is equivalent to the above definition.

Theorem 3.14. Af is consistent.

Proof. Take any two distinct normal forms s,s’. Then A + s = s" iff s =4 5" iff (by
Exercise 3.3) there is some ¢t such that s —5 and s" — s t. But there is no such ¢, as
s, s are in normal form. ]

Terms without a normal form are computations that never terminate. Can we lump
all such terms together (in an ‘undefined’ category)?

Theorem 3.15. Tyr = Af + {t =1t | t,t’ closed and not weakly normalizable} is in-
consistent.

Proof. If r is a closed term, then the following are closed terms.
Axy.xr Axy.yr
are in normal form. Then for arbitrary s, s":

INF F s = (Axy.x)sr)
= (Axy.xr)((Axy.x)s) ((Axy.x)s")
= (g yr) (g x)s) (g x)5)
= (Axy.x)s'r
=5 O

3.5 List of exercises

1. Exercise 3.1 on Church-Rosser and unique normal forms

2. Exercise 3.3 on equality and reduction
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N e

Exercise
Ap

Exercise
Exercise
Exercise

Exercise

on the relationship between f-reduction and the equational theory

on Turing’s fixed-point combinator
on inclusion of reduction relations
on parallel reduction and substitution

on the diamond property for —,



CHAPTER 4

Computability and Undecidability

In this section, we study the notions of computability and undecidability in lambda
calculus. We relate lambda calculus to total recursive functions, a model of (total)
computation due to Kleene. We also show that there is no algorithm that decides
whether two A-terms are equated in Af. In this section, all equalities are in Af (so hold
in any A-theory).

4.1 Coding

Traditionally, when we talk about computability, we mean computability of number-
theoretic functions, that is, functions N — N. Therefore, we need a way to talk about
numbers in lambda calculus. It turns out that we can encode many objects in lambda
calculus, as well as operations on these objects.

4.1.1 Booleans

Let’s first look at Booleans, i.e. true and false.
t:= Axy.x f:=Axyy

(We’ve already being using these combinators.) So ‘true’ is a function that takes two
arguments and returns the first (ignoring the second), whereas ‘false’ is a function that
takes two arguments and returns the second (ignoring the first).

We’ve described our Booleans as functions. So what’s the justification for calling
them Booleans? Well, we can condition on these Booleans.

cond := Axyz.zxy
Look what happens when we feed t;, t;, b € A to cond, where b is one of our Booleans.

condt trt = (Axyz.zxy)titet = (Axy.x)tit, = 1
condtitof = (Axyz.zxy)titof = (Axy.y)tit, =ty
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Exercise 4.1. Find a combinator and that implements conjunction of truth values.

Recall that we defined a A-theory to be inconsistent when it equates all terms. In
fact, it is enough to equate t and f.

Proposition 4.2. t =f if any only if for all t;,t, € A, t; = t5.

Proof. The backwards direction is trivial. For the forwards direction, remember that
ttity = t1. So if t = f, then f#1, = ;. But also fi1¢, = 5. So t; = t5. O

4.1.2 Church numerals

How about numbers?
0:=Afx.x n+1:=Afx.f(nfx)

Let’s calculate:

Afx. f(0fx) = Afx.f((Afx.x)fx) = Afx.fx
Afx.f(1fx) = Afx.f((Afx.fx)fx) = Afx.f(fx)
Afx.f2fx) = Afx.f((Afx.ffx)fx = Afx.f(f(fx))

1
2
3

So the n'M Church numeral has n ‘f’s in its body.
So to define a successor function, we just need to find a way to add another f into
the body of a Church numeral.

succ := Anfx.f(nfx)

This indeed has the property that

S
I
=
+
—_

succ
Another useful function is
zero? := An.n(Ax.f)t
Let’s calculate:

zero?0 = (Afx.x)(Ax.f)t =t
zero?n + 1 = (Afx.f(nfx)) (Ax.)t = (Ax.f) (m(Ax.£)t) = f

So zero? tests for zero.

4.2 Definability of total recursive functions
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Definition 4.3. A function ¢ : N™ — N is A-definable when there exists f € A
such that for every (ny, ..., n,) € N™ we have:

frr..m = ¢(ny, ..., n)

That is, f computes on Church numerals in the same way that ¢ computes on
external natural numbers.

Kleene defined the total recursive functions as a model of total computation. The
set of total recursive functions N — N is defined inductively by the following clauses.

« The constantly zero function n +— 0 is total recursive.
« The successor function n — n + 1 is total recursive.
« The projection functions (ny, ..., n,;) — n; for 1 < i < m are total recursive.

« Closure under composition: if ¢ : N™ — N is total recursive, and ¢; : Nl — N
(1 < i < m) are total recursive, then

¢ o (Y1, ) = (0, .o g) > G (N1, ey 1), vy (g, . 1))

is total recursive.

+ Closure under primitive recursion: if « : N — N is total recursive and ¢ :
N™*2 — N is total recursive, then the function ¢ : N™*! — N defined below is
total recursive.

a(ny, ..., ny) ifk=0

k,ny,..onpy) =
$(k,ni, ... ) {¢(¢(k_Lnl,...,nm),k—1,n1,...,nm) ifk >0

See how ¢ is allowed to make a ‘recursive call’. This process terminates when

k =o.

« Closure under minimization: if i/ : N™*! — N is total recursive and there exists
some k € N such that ¢(k, ny,...,ny,) = 0, then ¢ : (ny,...,ny,) — k, where k is
the least natural number such that ¥/ (k, ny, ..., n,,) = 0, is total recursive.

¢ is guaranteed to be a total function because of the condition on .

Theorem 4.4. Every total recursive function is A-definable.

Proof. We'll just do a couple of cases. The successor function is definable by succ.
For minimization, suppose ¢ is definable by f. Define:

g = y(Azyxy, ..., xpm.zero? (fyx...xpm)y(z(sucey) xy...xp))
Then:
g = Ayxy, ..., Xm.zero? (fyxy... x,)y(g(sucey)xy...xp,)
As  is definable by f, we get:
k if Y (k, ny, ..., ) =0

knp.im =4 ——
DL {gk+1n_1...ﬂ otherwise
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The function ¢ is definable by h := g0. When we feed 7;...7,, to h, it returns 0 if
¥ (0, ny, ..., ny) = 0. If not, we increment the first argument given to g. As start from
zero and go up, h returns the Church numeral of the first k for which ¢/ (k, ny, ..., n,) =

0. [

Exercise 4.5. Complete the remaining cases in the proof of Theorem 4 .4. For closure
under primitive recursion, you may take for granted a combinator rcase € A such
that

ifn=0
rcasenfqg = {f_ n

gn—1 ifn>0

The converse to this theorem also holds. That is, every A-definable function is total
recursive. We won’t prove this. A formal proof requires an effective Gédel numbering
of A-terms, that is, a bijection # : A — N such that operations on A-terms are definable
by total recursive functions on natural numbers. In the next section, we will use the
fact that an effective Godel numbering exists in order to prove an undecidability result.

An analogue of Theorem 4.4 holds for partial recursive functions too. In fact, the set
of partial recursive functions, the set of A-definable functions and the set of functions
computable by some Turing machine all coincide. Functions in this class are said to be
‘Turing-computable’. The notion of Turing-computability is remarkably robust: many
models of computation agree about the set of computable number-theoretic functions
(though not necessarily higher-order functions [ ]).

Finally, we can replace equality in the definition of A-definable with — 4 (though
we have to use 0 instead of y, cf. Exercise 3.5).

4.3 Undecidability of Af

Decidability questions ask if there is an algorithm for determining whether objects are
in a given set or not. As with computability, the domain is the natural numbers. A
subset S C N is decidable if there is a total recursive function ¢ such that:

0 ifnesS
¢(n)_{1 ifngs

Let# : A — N be an effective Godel numbering of A-terms. This means, in particular,
that we have functions app : N> — N and gnum : N — N such that

app(#(1), #(u)) = #(tu)  gnum(n) = #(n)

The operation "—" := #(—) encodes the syntax of A-calculus in A-calculus! By Theo-
rem 4.4, we have A-terms app and gnum with:

app [_t—l I—u—l — I—tu—l gnum l_t—l - I—I—t—l—l
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Theorem 4.6 (Second recursion theorem). For all f € A, there is some u € A such
that f "u' = u.

Proof. Given f, define
t := Ax.f (appx(gnumx)) u:=tt'
Now calculate:
w=t"t7 = f(app t (gnum 7)) = f(app t Tt7) = f T = fru
[

Theorem 4.7 (Scott-Curry theorem). Let A and B be two non-empty sets of A-terms
closed under=p. There is no term f such that, foralls, f*s' = 0or f*s' = 1, additionally
with

1 otherwise

Frut = {§ ifue A

Proof. Assume A and B are disjoint (otherwise the result is trivial—what should f
return for u in the intersection?). Suppose we have an f as in the theorem statement.
Let a € A and b € B. Define:

g := Ax.condba(zero?fx)

Then by the Second recursion theorem, there is some u such that

Either fTu™ = 0 or fTu" = 1 by assumption. WLOG suppose that f"u" = 0; then
u=>b;sou e B;so ffu'=1;s00 = 1; contradiction (0 and 1 are distinct normal
forms, so Af doesn’t equate them). ]

Corollary 4.8 (Undecidability of equality in Af). Let S be a non-empty proper subset
of A that is closed under equality. Then #(S) C N is not decidable.

Proof. If #(S) were decidable, then by Theorem 4.4 there would be a A-term contra-
dicting Theorem 4.7 instantiated with #(S) and N — #(S). [

4.4 List of exercises

1. Exercise 4.1 on conjunction of Booleans

2. Exercise 4.5 on A-definability



CHAPTER 5

Combinatory Algebra

5.1 Combinatory logic

We now turn to combinatory logic, a theory of functions that is free from variable
binding. The set CL of terms of combinatory logic is given by the following grammar,
where V is still our set of variables.

ab=xeV|K|S| (ab)

The terms K and S are known as ‘basic combinators’; closed terms are known as
‘combinators’. We omit parentheses and associate to the left.

We consider the equational theory given by the following rules, in addition to rules
stipulating that =c| is an equivalence relation, which we omit.

a =CL a' b =CL b’

— K S
Kab =cL a Sabc =c ac(bc) ab =c a'b’

APP

Exercise 5.1. Verify that | := SKK implements the identity function.

5.1.1 Derived lambda abstraction

We derive a notion of lambda abstraction in combinatory logic. That is, for every term
a € CL, we define a new term A*x.a € CL by induction:

Mxx =1
A x.c = Kc where c is a constant or a variable distinct from x

AN x.ab = S(A*x.a) (A" x.b)

As with actual lambda abstraction, we have that FV(A*x.a) = FV(a) — {x}. But
really there are no bound variables!
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5.1.2 Translating between lambda calculus and combinatory al-
gebra

Using the derived lambda abstraction, we can translate between lambda calculus and
combinatory algebra. This means that we can compare the two calculi.

xXcL =X

(tu)cp = tcLucL
(Ax.t)CL = A*x.tCL

(-);:CL— A
X) =X
Ky = Axy.x

Sy = Axyz.xz(yz)
(ab)A = aAbA

Notice that combinators correspond to closed lambda terms.
How faithful are these translations?

Proposition 5.2. a =c| b implies ay =4 b,.
What about the other direction? Consider:

(Ay.(Ax.x)y) ¢ =cL A'y.(A"x.x)y
el Sy (F'x.x) (y.y)
=CL S(A*y.l)l
—cL S(KD)I

On the other hand:
AZ.ZCL =CL A*Z.Z =CL |

We have: 1y.(Ax.x)y =g Az.z; however, S(KI)I #c_ | (they are both normal forms if
we orient the rules for =c| left to right). Hence it is not the case that t =5 u implies

IcL =cL uUcL-

Exercise 5.3. Apply both the terms S(KI)I and | to an argument x. What do you
notice?

5.1.3 Combinatory completeness

Theorem 5.4. For everya € CL with FV(a) C {x1,...,x,}, there is a closed f € CL
such that

a=cL fx1...xp
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This theorem says that there are enough combinators (closed terms) to compute
any function definable in combinatory logic.

Proof. Let f = A"xq, ..., xp.a. ]

5.2 Combinatory algebras
We will now study the semantics of combinatory logic in combinatory algebras.

Definition 5.5. An applicative structure is a set A together with a binary operation
(-)e(=): AxA— A

We refer to the binary operation as ‘application’. As usual, we associate to the left.
We don’t want to write the application symbol all the time, so we often omit it (just as
we omit, for instance, X when writing multiplication of numbers). Thus, abc stands for

(aeb)ec.

Definition 5.6. A combinatory algebra is an applicative structure such that there
exist S,K € A satisfying the following identities (i.e. a, b, and ¢ are universally
quantified elements of A).

Sabc = ac(bc) Kab =a

The elements S and K are known as ‘combinators’.

We can equivalently define combinatory algebras by a combinatorial completeness
property. Let A be an applicative structure. A polynomial over A is an expression
built from variables, constants taken from A and application. In order to keep track of
variables occurring in polynomials, we will consider polynomials in context. A context
is a finite list of variables with no repeats. Polynomials (in context) are generated by
the following rules.

xeTl acA Crt Tkt
VAR CONST - APP
I'rFx I'ta I'Ftet

Note that polynomials over A are essentially terms of combinatory logic augmented
with constants from A. We write t(x, ..., x,) for the polynomial x, ..., x, + t. Closed
polynomials (polynomials in the empty context) - +- ¢ are identified with elements of
A. We may substitute constants for variables in a polynomial, writing t(a;, ..., a,) for
the result t[ay, ..., an/x1, ..., x,] of simultaneously substituting a; for x; in ¢(x, ..., x,).
Polynomials induce set-theoretic functions: xy, ..., x, F t induces a function A" — A :
(ai, ...,ay) — t(ay, ..., ay).

For polynomials t(x, ..., x,) and t'(xy, ..., X,), we write t = t’ when they induce
the same set-theoretic function, that is, when for all (ay,...,a,) € A", t(ay,...,a,) =
t'(ay, ..., an) as elements of A. We say that a € A computes a polynomial ¢(x, ..., x,)
when a e x; ® ... ® x,, =t as polynomials.
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Definition 5.7. An applicative structure A is combinatorially complete when
every polynomial over A is computed by some element of A.

We may think of any element of A computing some polynomial ¢ as a combinator.
Then, as the name suggests, combinatory completeness means that we have enough
combinators in A to compute any polynomial over A. Sometimes, ‘functionally complete’
is used instead of ‘combinatorially complete’ (referring to the functions induced by
polynomials).

Theorem 5.8. An applicative structure is a combinatory algebra iff it is combinatorially
complete.

Proof. In the backwards direction, an S-combinator is given by an element computing
the polynomial ts(x, y, z) = xz(yz). Likewise, a K-combinator is given by an element
computing the polynomial tx (x, y) := x (note that this is different from the polynomial
f(x) = x).

For the forwards direction, we define a lambda abstraction as in Section : given
I,x + t, we define ' + A*x.t, which satisfies ' + (A*x.t)x = t. Combinatorial
completeness follows by iterating lambda abstraction as in Theorem 5.4. ]

Example 5.9. We have two syntactic examples of combinatory algebras:

« terms of combinatory logic modulo =¢|,

« lambda terms modulo =p.

Exercise 5.10. Prove that combinatory algebras are never associative or commutative
or finite (unless trivial).

5.2.1 Interpreting combinatory logic

We can interpret combinatory logic in a combinatory algebra A given a valuation
function p : V. — A, as well as a choice of S and K combinators. We will use the same
symbols for the syntactic combinators and the combinators from A—hopefully this
won’t be too confusing!

[-],:CL—>A
[x], = p(x)
Is], =S
[K], = K

[ab], = [al, * [],

We write A |- a = b when for all valuations p we have [a] , = [b] .

Theorem 5.11 (Soundness and completeness for the interpretation of combinatory
logic in combinatory algebras). a =c| b iff A |= a = b for all combinatory algebras A.
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Proof. Exercise. [

5.2.2 Interpreting lambda calculus

Via the translation of lambda calculus into combinatory logic, we can also interpret
lambda calculus in combinatory algebras.

[[—]]p tA—> A
[t], = [tcdd,

We again write A |= ¢ = u when for all valuations p we have [t], = [u] ,.

But this is not sound! We can show this by interpreting lambda calculus in the
combinatory algebra CL of terms of combinatory logic. In this case, given a term
a € CL, we have [[a]]idv = a. But we know that t =4 u does not imply tc. =ci uci. This
motivates looking at a restricted class of combinatory algebras.

5.3 Lambda algebras

Proposition 5.12. Lett € A. Then (tcL); =4 t.

Definition 5.13. A lambda algebra is a combinatory algebra A such that for all
a,b e CL:

aA:ﬂbA =>A|:a:b

Suppose t =5 u. Then we don’t necessarily have tc. = ucL. But if A is a lambda
algebra, then by Proposition we have (tcL), =gt = u =g (ucL)). SO A |= tcL = uct.

Theorem 5.14 (Soundness and completeness of the interpretation of lambda calculus
in lambda algebras). t =5 u iff A |=t = s for all lambda algebras A.

Proof. Exercise. O

5.3.1 Reflexive cartesian closed categories as examples of lambda
algebras

A result of Koymans [ ] says that every lambda algebra arises from a so-called
reflexive cartesian closed category. Recall that a cartesian closed category (CCC) is a
category C with finite products and exponentials.

Definition 5.15. An object U € C is reflexive when it comes equipped with mor-
phisms lam : UY — U and app : U — UV such that app o lam = idjv. A reflexive
cartesian closed category is a cartesian closed category together with a reflexive
object.
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Reflexive CCCs model lambda calculus. We now consider terms in context. A term
X1, .., Xp F t is interpreted as a morphism [xi, ..., x, + t] : U" — U. Untyped lambda-
calculus may be considered as a typed lambda calculus with a single type; the reflexive
object is the semantic counterpart of this single type.

o [x1, o0 xn F xi] =
o [T+ Ax.t] :=lam o curry ([T, x + t])
« [T+ tu] =evalo{appo [T rt],[T+u])

In the above, curry : C(U" x U,U) — C(U",UY) and eval : UY x U — U come from
the cartesian closed structure of C.

Theorem 5.16 (Soundness). For any reflexive CCCC, T + t =g u implies [T + t] =
[T v u]] as morphisms of C.

We construct a combinatory algebra from a reflexive CCC by taking C(1,U) as the
underlying set (1 is the terminal object, the nullary product). Given a,b € C(1,U), the
application a e b is given by the following diagram.

b id
1590, gy 2P U g 2

To see that the so-constructed combinatory algebra is a lambda algebra, it is possible
to show by induction on combinatory terms that for any a € CL with FV(a) = {x1, ..., x,,}
we have:

(p(x1)seesp(xn)) U [x15e- xn"a)t]]p

[a], =1

Note that [q] , 1s the interpretation of a in the combinatory algebra C(1, U) constructed
from the reflexive CCC, whereas [x, ..., x, + a;] is the interpretation of the A-term
X1, ... Xp b a in the reflexive CCC itself. Therefore, assuming a, =4 b, by the above
we get [a] , = [b], for any p,ie. C(1,U) Fa=b.

Reflexive CCCs are difficult to construct. The only reflexive object in the category
Set of sets and functions is the singleton set—not a very interesting model! To see this,
if U is a reflexive object in Set, we must have |UU| < |U|. But Cantor tells us that for
every set X with cardinality greater than 1, we must have |X| < 2X|. So if |U| > 1, we
have |U| < 2Vl < |UU| < |U|, a contradiction.

If you want to see some examples of reflexive CCCs, take a look at Kelley Philip
van Evert’s Bachelor’s thesis [ ] on graph models, or [ ] of course.

5.4 List of exercises

Exercise 5.1 on the identity combinator
Exercise 5.3 on extensionality
Exercise on the algebraic pathologicality of combinatory algebras

Prove Theorem

A e

Prove Theorem
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Variations on Combinatory Algebras

There are many variations on the theme of combinatory algebras. Each variation is a
model of some kind of combinatory logic and the associated notion of computation. In
this chapter, we do a whistle-stop tour of some of these variations. In each case, we
give:

1. the relevant kind of applicative structure;

2. the definition in terms of combinators;

3. the equivalent definition in terms of combinatory completeness.

6.1 Typed combinatory algebras

Types constrain the behaviour of terms; they prevent us from doing (crazy?) things
like applying a function to itself. While the untyped lambda calculus is not strongly
normalizing, typed lambda calculus is. Under the Curry-Howard correspondence, types
are logical propositions, or, more generally, mathematical objects (like N and List(N)).

Definition 6.1. A type structure T is a set of ‘types’ closed under two binary
operations — and X.

The operation — associates to the right.
Definition 6.2. A typed applicative structure is a type structure T together
with a family of sets Ar indexed by types and a family of binary operations eg7 :
As—1 X As — Ar indexed by pairs (S, T) of types.

Application still associates to the left.

Definition 6.3 (Longley [ ]). A typed combinatory algebra is a typed ap-
plicative structure such that there exist combinators Ksr € As_r—s and Ssry €
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A(s5T-U)—(s—T)—s—u for all S, T, U € T satistying the following.

Va € Ag. Vb € Ar.K ®sT 5 A®TS b=a
Va € As_1_y. Vb € As_1.Vc € Ag.

S O T U, (S—T)—S—U 4 ®(S—T),5S—U besyc= (a 85, T—U c) o T.U (b 5T c)

In a typed combinatory algebra, we can no longer do Church (or other) encodings
in general. Therefore, the above definition is often augmented to include primitives for
pairing and natural numbers.

We define typed polynomials similarly to before, but now we have a countable set
of variables for each type.

x:TeTl a€Ar Trt:S>T T'ks:S
———— VAR ————— CONST APP
T'ktx:T IT'ta:T Trtes: T

Typed polynomials induce set-theoretic functions just as before; we write I' + ¢t =1t : T
whenT +t:TandT ¢’ : T denote the same function. We say that a typed polynomial
X1 : 81, uXy Sy bt T is computed by a € Ag,—, 5,7 when x; : S1,..,x, : Sp +
aexie..ex,=1t:T.

Definition 6.4. A typed applicative structure is combinatory complete when every
typed polynomial x; : Sy,...,x, : Sp £ : T is computed by some ¢ € Ag,, s, 7.

Theorem 6.5. A typed applicative structure is a typed combinatory algebra iff it is
combinatory complete.

We can recover (untyped) combinatory algebras from typed combinatory algebras
provided that we have a ‘universal type’, that is, a type U € T together with families
of combinators lamr € Ar_,yy and app; : Ay such that Vx € Ar. app;(lamr(x)). In
such a case, we can make Ay into a combinatory algebra.

6.2 Partial combinatory algebras

Partiality (or non-termination) is a central notion in computability. We have encoun-
tered non-normalizing A-terms. Generally speaking, if computation is the process of
mechanically following a finite set of instructions, while the set of instructions must be
finite, we may never reach a state where where we are not asked to follow a further
instruction. Another justification for the centrality of partiality is that it is possible to
define a universal partial computable function, though not a universal total computable
function.

Definition 6.6. A partial applicative structure is a set A together with a partial
binary operation e : A X A — A.

Definition 6.7. A partial combinatory algebra is a partial applicative structure
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admitting combinators S, K € A satisfying:

Vab € A.Kab =a
Vab € A. Sab | Yabc € A. Sabc ~ ac(bc)

Kab = a implies that the applications on the left are defined. The notation Sab |
means that the application Sab is defined. Moreover, Sabc ~ ac(bc) means that either
both sides are undefined or else both sides are defined and equal.

Polynomials are defined as in Section 5.2. Everything is the same as there, aside
from the fact that polynomials now induce partial functions. So a computes ¢ (x, ..., x,)
when they induce the same partial function A" — A.

Definition 6.8. A partial applicative structure is combinatorially complete when
every polynomial is computed by some element.

Theorem 6.9. A partial applicative structure is a partial combinatory algebra iff it is
combinatory complete.

Example 6.10. The prototypical example of a partial combinatory algebra is ‘Kleene’s
first algebra’ KCy. The underlying set of K; is the natural numbers. The application
n e m takes the n'® partial computable function (Turing machine) and applies it to m.

Realizability models based on K; satisfy (formal) Church’s thesis: every function
N — N is computable.

‘Computational effects’ refer to features of programs over and above their functional
(input-output) behaviour (usually thought of as interactions with their environment).
Partiality is one of a variety of computational effects that may be considered in relation
to combinatory algebras; other instances are non-determinism and state [ ].
Recently, a general approach has emerged, namely ‘monadic combinatory algebras’

[ ].

6.3 Linear combinatory algebras

Linear logic is a ‘resource sensitive’ interpretation of logic. For example, we are used to
being able to deduce the proposition ‘p and p’ from the proposition ‘p’, as well as deduce
‘p’ from ‘p and q’. However, we cannot do this under the linear logic interpretation of
‘and’ (technically, the ‘multiplicative conjunction’). If we think of propositions p and g
as resources, then we are not allowed to unrestrictedly duplicate or discard resources.
Some resources may be duplicable and discardable, but they must be marked as such
by a ‘modality’ !.

Definition 6.11. A linear applicative structure is a set A together with a binary
operation ® : A X A — A and a unary operation ! : A — A.

A further convention is that ! binds more tighter than e.
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H Combinator identity Logical principle H

Babc = a(bc) cut/composition
Cabc = acb exchange

la=a identity

Kalb =a weakening

Walb = alb!b contraction

Fla!b =!(ab) functoriality
Dla=a counit/dereliction
éla =!la comultiplication

Table 6.13: Combinator identities for linear combinatory algebras,
together with their corresponding logical principle

Definition 6.12 (Abramsky [ ]). A linear combinatory algebra is a linear
applicative structure admitting combinators B, C, I, K, W, F, D, § € A satisfying the
identities in Table

The combinator identities in Table come with their corresponding logical (or
categorical) principle. Note that the behaviour of W and K are controlled by !, that is,
we can only duplicate and discard arguments appearing under a !.

Combinatory completeness for linear combinatory algebras was worked out by
Simpson [ ]. For the appropriate notion of polynomial, we need to distinguish
between normal variables and linear variables. Linear variables have to be used exactly
once (see the LINEAR VAR-rule). We write I' | A + t, where I is a context of normal
variables and A is a context of linear variables.

xeTl

—————— NORMAL VAR ————— LINEAR VAR

I'|-Fx I'xrx
acA LA rt LAkt |-+t
———— CONST APP _—!
I'l-+a IF'|AL,Ayrtet |-+t

Note how the linear context must divide—reading up—in the aApp-rule. Propagating the
whole context up both branches is tantamount to duplicating the resources therein.
A polynomial xy, ..., Xy, | y1, ..., Y F t induces a function

(al, .oy Ap, bl, ceey bm) (g t(!al, cees !an, bl, ceey bm) : An+m — A

We again consider polynomials to be equal when they induce the same function. The
polynomial x1, ..., x,, | y1, ..., Yym F t is computed by a € A when

X1y eosXn | Yty s Yym FAO® X1 @ . 0Xx, 0 0 @y, =1

Definition 6.14. A linear applicative structure is combinatory complete when
every polynomial is computed by some element.
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Theorem 6.15. A linear applicative structure is a linear combinatory algebra iff it is
combinatory complete.

Proof. For the backwards direction, we just do a couple of cases. A D-combinator
is given by an element computing the polynomial x | - + x. In contrast, an element
computing the polynomial - | x + x gives an |-combinator.

For the forwards direction, we define two lambda abstractions, one for normal vari-
ables and one for linear variables. For linear variables, givenT' | A,y  t, we define
I' | A+ A'y.tsatisfying I | A,y - (A*y.t)y = t. For cartesian variables, given
I[,x|Art,wedefinel' | A+ A*!x.t satisfying I, x | A - (A*lx.t)x = ¢. [
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